0. Introduction. Let e be a principal G-bundle over a space X. e is flat if it is induced from the universal covering bundle of X by a homomorphism 7r1X-G. In the differentiable case this is equivalent to the existence of a connection with curvature zero [15, Lemma 1] . In (2. 5), various characterizations of this notion are given. It is shown in particular (6. 1), that an SO(2)-bundle is flat if and only if its rational Euler class vanishes. Section 1 is devoted to the definition of a certain homotopy class of H-maps OX-> G (1. 1), which in the case of a differentiable bundle reduces to the homotopy class of the holonomy map defined by an arbitrary connection on e. For the universal G-bundle, this class contains a homotopy equivalence 2BG-> G (1. 4). In Section 3, after some generalities, a characterization of flat U(n)-bundles over an X with finite 7r1X is given (3. 2) by a theorem of Brauer on induced representations [6] .
From (2. 5, iii) it is clear that the characteristic cohomology-homomorphism of a flat GL(n)-bundle e factorizes through H*(7r,X). Thus one obtains necessary conditions for the characteristic classes of e. E. g. for finite 7r,X the rational characteristic classes of e are trivial, and for 7r1X finite of odd order (and GL (n) = GL (n, R)) the Stiefel-Whitney classes of e are trivial. But many examples of flat bundles with non-trivial characteristic classes are known, of which we list a few. The canonical R*-bundle on real projective space P"R is flat, and w, C H1' (PJR, Z2) is the generator of H* (P12R, Z2). In [10, p. 254] there is the example of the SO (2) -bundle on P2R induced from the uni-versal covering bundle by the homomorphism Z->SO (2) sending the generator into the antipodal map. The Euler class is the generator of H*(P2R,Z) and hence non-zero. The example of [15, p. 223, 1. 5] shows the existence of a flat SO (2) -bundle on S5/Z, with nonvanishing first Pontrjagin class. The main result of [15] proves the existence of flat GL+(2,1R)-bundles with non-vanishing Euler class. In [2] there is given a five-dimensional flat Riemannian manifold with w2 0 O. These examples suggest the study of characteristic classes of flat bundles.
In (3. 2) , the notion of a a-flat G-bundle with respect to a homomorphism cr: -G is introduced, where 4b is an arbitrary discrete group. ar-flat bundles are fiat (3. 5) with a holonomy map 7r,X-> G factorizing through a. The introduction of of serves as a computational device.
Next we turn to a detailed study of the characteristic classes of a-flat bundles for G = 0(n), SO(n), U(n) and 4) finite abelian. After recalling in Section 4 the relevant definitions and facts, in Section 5 the characteristic classes ofa E RG]G(4) in the sense of [1] are computed (5. 11) as polynomials in 1-and 2-dimensional classes of H* (I), Z) and H* (4), Z2). The main result is (5. 13). For G-bundles which are classified by their characteristic classes, it gives necessary and sufficient conditions for the a-flatness in terms of these classes. This is illustrated by (5. 17) to (5. 20) . An explicitation for the case =Zp is given in (5.21). The last section 6 is concerned with the rational characteristic classes of flat bundles. As in all the paper, no differentiability assumptions are made. The triviality of the rational Chern classes for flat U (n) -bundles is proved by topological methods under some restrictions on the fundamental group.
Finally we would like to thank J. Milnor and P. E. Thomas for helpful conversations.'
1. The holonomy map of a principal bundle. For general properties of principal bundles we refer to [3] [5] [13] and [22] . If t is a differentiable principal bundle over a connected space X with group G, a connection on d defines a holonomy map h: OX-> G. The homotopy class of this map is an invariant of e, as shown e.g. in [9] . In this section, we construct a natural transformation h (X, G): P (X, G) -> [uX, G] (iii) h(4) is natural in X and G. More precisely, if P((X, G) denotes the equivalence classes of G-bundles on X, [OX, G] w the equivalence classes (under inner automorphisms of G) of homotopy classes of H-maps OX--> G, then h (XA G) (4) = h (4) for C P (X:, G) defines a map h (X, G): P (X, G) -> [OX, G] s which is natural in X and G.
Proof. (i) is proved in Lemma 1. 2. To prove (ii) it is sufficient to show that for a choice of * C T over the basepoint of X the homotopy class of h is an invariant of the bundle 4. We first observe that any two path liftings s5, sl: ET-> ET are homotopic as path liftings, i.e. there is a family st, t C I of path liftings beginning with sO and ending with s.
Let p C EA. By the principality of E (4) we get ko(o2VOl)-h(fe)h(w1), kil(W2V W) = h(N2Vwi) and the lemma is proved. I
We adopt the point of view of Dold [10] and restrict our attention to numerable G-bundles (trivial over a numerable covering of the base). Then by [10] , [16] for any topological group G there exist a contractible universal bundle VG on the classifying space BG of G and the map [X, BG] -> P (X, G) sending a (not necessarily basepoint preserving) homotopy class f E [X,BG] into the bundle f*G is bijective without any restriction on X. We will denote the classifying map of t with the same letter. Put hG = h (n7G). Then from It is known that QBG and G are homotopy equivalent. We prove now is commutative (if hG is represented by the map induced from s, otherwise homotopy commutative, which is all we need). This says that kc is hG-equivariant and certainly a map of the two fiber spaces. Now EBG and TG are contractible. By comparing the homotopy sequences of these two fibrations we obtain for any space X a bijection be an (ordinary) homotopy equivalence ( [10] , one half of Theorem 9. 1). This follows from (1. 6), as hG, hH and fB (y) are homotopy equivalences.
2. Flat bundles. We turn now to a description of flat bundles. Let Gd be the underlying discrete group of a topological group G, t: Gd -> G the canonical map. Taking induced bundles, t defines a natural map t*: P (X, Gd) -> P (X, G) from discrete G-bundles to G-bundles. t also induces a map B (t): BGd e BG and the diagram l* P(X, Gd) -
is commutative for any space X (and natural in X and G). Proof. BGd is the base of the universal Gd-bundle OGda with pGd TGd -> BGd, where TGd is contractible [10] . The homotopy sequence of this fibration shows 7r4(BGd)-0 for n> 1 and 7rl(BGd) 7ro(GGd) -Gd, which proves the lemma. I Proof. This follows from Lemma 2. 1, as r,BGd -Gd.
Note that [X, BGd] are ordinary homotopy classes (not necessarily basepoint preserving). See also the comment at the end of the proof of 1. Proof. As Gd is discrete, any homotopy class of maps QX--Gd contains a single element. Hence [OX, Gd] &is the set of equivalence classes (under inner automorphisms of Gd) of continuous maps S2X--Gd. Now a continuous map Q2X--Gd is constant on any homotopy class of loops. But 7r1X -7roOX, from which the bijectivity of q* follows. I
With these notations we can state THEOREM 2.4. The following diagram is commutative (and natural in X and G)
>Homt (OrX, Gd) All vertical maps are bijective.
Proof. The only fact which remains to prove is the commutativity of the front square, which follows from a simple argument. I
Observe that the map s = h (X, Gd)-1 o q* is the map of [22, thm. 13. 91. According to this theorem, s is bijective (and hence also h (X, Gd) and X,) if X is arewise connected, arc-wise locally connected, and semi locally 1-connected. From now on we assume that X satisfies these conditions. Then X has a universal covering space -> X, which is a principal 7r,X-bundle, the universal covering bundle g. Its classifying map is also denoted by C: X<--B71X. Any homomorphism y: I1X --G induces a G-bundle yg over X with classifying map B(y) og. Observe that the "identification" l*: lom (7rX, Gd) --? Hom (rL, G) is bijective. Then it is clear that the map sending y into -y*C is just the bijection s. The main point of (2. 5) is the following. We want to decide if a given e C P(X, G) is flat. According to (iii) we have to fill in the diagram with a map B (y) which is induced by a homomorphism y: 7r1X -G. This problem has only been solved in very special cases [15] (The well-known description of complete flat Riemannian or affine manifolds can also be considered as an answer in these cases). Much simpler is (ii), where we have to fill in the diagram with a map -q, i. e. one has to solve a lifting problem for the map $. A new difficulty arises from the generality of BGd. We introduce at the end of section 3 an intermediate discrete group '1, which in the applications will be finite. We emphasize that the introduction of b serves as a computational device.
As an immediate consequence of the definition we obtain PROPOSITION 2.8. Let $ C P (X, G) be fiat and 7r: X X the universal covering of X. The lifted bundle 7r*6 on X is trivial.
Proof. The classifying map to07r: X-> BG of 7r*e factorizes through the contractible total space of the universal 7r,X-bundle on B7r1X and is hence -O. I 3. The transformation a. Let G be the infinite orthogonal or unitary group, KX the ring of G-vectorbundles on X and RG(b) the ring of Grepresentations of a finite group b. E CRG(4) induces a map a*: P(X, @)
-> P (X, G) sending t to a*e. Its associated G-vectorbundle is still denoted a*4 and ac(t) (ar) ==-r* defines a ringhomomorphism ac(e): RGQ(I) -*KX.
For all this see [1] . Let [RG(c), KX] be the ringhomomorphisms RG(ib)
is natural in X and (. In the sequel we shall use this and the following fact without comment. Let X be a space with finite 7r,X and f: X' -> X the finite covering corresponding to a subgroup t: 4' C b. The direct image frq of a vectorbundle q on X' is defined by (f ), = E, y, where y C f1 (x). 
A vectorbundle is called flat, if its associated principal bundle is flat. A theorem of Brauer [6] on characters of finite groups gives the following description of flat U (n) -vectorbundles. Conversely assume 4 = p* for some p E RU(7r,X). By the theorem of Brauer [6] there exists a finite number of subgroups j: -1-* rjX and 1-dimen- For the rest of this section, G is again an arbitrary topological group and '1 a discrete group. Let T: b -> G be a homomorphism. If we replace t by a and Gd by 4) in Theorem 2.4, it still holds. Let B (a): BD -> BG be the induced map of classifying spaces. 4. Characteristic classes of group representations. In this section we list some facts on characteristic classes of G-bundles, G = U (n), 0(n), SO (n), which will be needed in Sections 5 and 6. We recall the definition of -characteristic classes of group-representations [1, Appendix] and give some interpretations of low-dimensional classes. Our general references here are [1] , [3] , [4] , [5] , [13] and [17] . Let X be a paracompact, connected, locally connected, semi-locally contractible space, e. g. a CW-complex. If G is a topological group, we denote by Gx (or G if no confusion is possible) the group-valued sheaf of germs of continuous functions X -* G. Then we have the following natural isomorphisms: For an 0 (n) -bundle 6: X-->BO (n) the Stiefel-Whitney classes are given by
Recall the formula [4] , [25] (4.4) 02Wj-Sqlw X , j odd w j+1+w1lwu, j even where /2 is the Z2-Bockstein-operation.
In the case G = SO (n), one just has to put w, = 0 and all formulas remain valid. In Section 5 we will need some reduction formulae for Pontrjagin classes which we list here without comment. They can be found in [5] . The 
4=1
The formulae (4. 6) .-(4. 12) remain true after obvious modifications (w, = 0,
Let P be a finite group, '% the universal P-bundle with base space B (P5=K(P,1) .
The transformation a of Section 3 allows us to define the Chern-classes C (cr) of a representation a E RU (1) by [1, Appendix] , [12] (ii) is proved by the same argument. I
The following proposition gives a representation of the fundamental characteristic class (primary obstruction) of an arbitrary G-bundle as a coboundary map in a (non-abelian) cohomology sequence (cf. [13, 4. 3 . 1] for G -C*). Assume that G is path-connected and that BG has a CW-structure Let 4 a G-bundle on X, T : Hl (G, -xiG) -_ H2 (X, nriG) the transgression in 4
and t E H1 ( G, r, G)-I Hom (.ri G, r, G) the fundamental class of G with respect to the natural orientation of S1 C C. where as (-q,,) (cr) = a*-q4, or E H (4), Gd) .
(iii) The extension corresponding to 8 (cr) is given by a pull-back operation 0 --7r1Ge G G--1 (4.21) 8'(cr) : 0 -->rr -G 1 q where r= {(s, E) E 1 X /as = pg} and j, q are the natural projections. Define a free r-action on E, X G by (e, g') (8,g ) _ (e8, f-l *'), (s, g) E r. The 7r1G-action on E. X G is then given by (e, g')'1 -(e, a-i'), a E 7r1G C G and thus E. X G/7rG -E, X G. The quotient group @ acts now on E, X G by (e,g)8-(e8,us-' g), sC Ei and therefore E, X G/I=E. X 
now shows that CE HI (Mg, GL+ (2, R) ) is flat if and only if X() C im (').
In fact, the proofs on pp. 217-220 of [15] consist essentially in a determination of im(8'):
im (') {a C Z/I a, < g}. The characteristic classes for the reduction p are given by PROPOSITION This is formula (2. 1) of [14] , which follows here simply from the productformula for ', (4. 6) and (4. 10). Since k > 0, this is impossible, the at being algebraically independent.
In the case of a complex representation r: c-* U (n) we have a factorization (D--T (n) == U(1) n C U (n) and the classes B (t) * are given by cj (xi, * . x,). In order to determine the characteristic classes of R-and C-representations of 41, it is therefore sufficient to look at irreducible representations 1 --SO (2) U (1) and ? --0(1) =; Z2. Since b is finite abelian it is of the form o9 Zq, where qv is a prime power p,@^.
It will be convenient to study first the cohomology maps induced by representations Z<,, -e U (1), 0 (1). Recall the structure of the cohomology ring of these groups [7] [211. In the oriented case X (T) is given via (5. 2, iii).
(ii) Let -r (-1, * * -rT,m) f-U (n) be a representation of 1' factored through T(n). Then we have Def. The explicit formulas for the case of a cyclic group F Zj, p > 2, are as follows. Proof. We restrict ourselves to the proof of (i); (ii) being proved similarly. 
Example 5. 18. For any CW-complex X of dim X < 4 the bundles P (X, SO (n)) = [X, BSO (n) ], n?> 3 are classified by w2, wI (resp. x4 if n =4) and pi, if :E4 (X,Z) has no 2-torsion [11] [20] . Example 5.19. For any CW-complex X of dim X < 2n, the bundles P (X, U (n) ) = [X, BU (n) ] are classified by cG if 12j (X, Z) has no (j-1) !-torsion [19] , [23, Thm. 4.7] . The condition in (5.13,ii) is in this case necessary and sufficient for the --flatness of t: X -> BU (n). Moreover Prop. 6. 3 may even be formulated for GL (2, R)-bundles, since each conjugacy-class of homomorphisms rX-1X-* GL+(2,R) contains an element factorizing through SO (2), 71X being finite. (ii) By (4.16) we have c (e) Q O0 for any fiat GL (n, C) -resp. U (n) -bundle. Example 6. 6. Let M be a compact orientable 2-manifold. We observe that a flat C*-resp. SO(2)-bundle e on M is trivial, because (6.1) and H2 (M, Z) = Z imply cl (e) =0 resp. x (t) =0.
Hence the nontrivial flat GL+(2, R)-bundles on M discussed in [15] are not flat C*-or SO (2)-bundles. . 7) should be compared with the proof of Thm. 1 in [24] which contains implicitly the statement that a flat SO (2)-bundle is trivial. The author has informed us that his proof is indeed incorrect.
We now prove the triviality of the rational Chern classes for flat U(n)-bundles satisfying a certain splitting principle to be defined below. Recall the splitting principle of [3] But by (6. 1) i=1 pocj(3.*Cy) = 0 and hence f*poc(e) = 1. Condition (i) now implies poc(t) 1. I
We have not been able to decide if a flat U(n)-bundle t=B(y) ?gx always admits a y-splitting. However in the following cases we can apply 6. 12. (i) For any flat U(n)-bundle e on X we have poct) =1.
